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Abstract In this work, we modify the traditional Brusselator model to incorporate the intermolecular interactions, based on which a systematic
study is performed on the pattern formation mediated by chemical reaction and phase separation. It is found that if the chemical reaction
dominates, the pattern formation will be inhibited by the phase separation while if the phase separation dominates, the chemical reaction will
prevent, under certain conditions, the domain size from growing which results in dissipative patterns other than macroscopic phase separations.
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INTRODUCTION

Two kinds of patterns are common in nature. One is generated
thermodynamically and maintained as equilibrium states,
such as the crystal structure, microphase separation of block
copolymers,! etc. Another arises kinetically, sustained far from
equilibrium, having been, for instance, observed in hydrodyna-
mic systems,>3) reaction-diffusion systems, and most im-
portantly in biological systems.[® The thermodynamic pattern is
controlled by the principle of free energy minimization and has
inspired diverse applications. The kinetic patterns, especially the
patterns in the reaction-diffusion system, need specific kinetic
analysis and have gained lots of interest for their connections to
biological phenomena.”! Prigogine once designed a reaction-
diffusion model, the Brusselator,® and analyzed its pattern
formation. Prigogine’s work illustrates the great similarities
between life and the kinetic patterns: both are non-linear, far
from equilibrium and dependent on matter or energy
import.”!

Despite its great success, the classical Brusselator model
did not incorporate interactions or phase separations
between chemicals, which have recently been realized to be
important for various biological processes.l'°-12 In biological
systems, phase separation and chemical reactions will influ-
ence each other. For example, cytoplasm in the cells is a
“crowded” medium, where all kinds of interactions are inevi-
table and have been observed to induce substantial effect
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on the rates of biochemical reactions.'3! Phase separation
driven by intermolecular reactions is also common for living
systems. Numerous protein condensates essential to living
process are assembled by liquid-liquid phase separations.l'4
However, theoretical studies of the coupling between chem-
ical reactions and phase separations have been rarely repor-
ted and some of these studies are controversial. Glotzer
et all'* found that a simple binary chemical reaction coupled
with intermolecular interactions (phase separation) would
lead to turing patterns. Unfortunately, this fascinating result
was controversial.['6171 On the contrary, by a simple two-mo-
lecule model, Carati and Lefever!'8! showed that even for the
reaction-diffusion system with intermolecular reactions,
autocatalytic reaction was still needed to produce periodic
patterns. Nevertheless, all of these studies have not systemat-
ically investigated the interplay between the chemical reac-
tion and the phase separation. Their combining effects on the
pattern formation are, thus, still not clear. Furthermore, to our
best knowledge, the study on the Brusselator with inter-
molecular interactions has not been reported yet.

Therefore, in the current work, we will incorporate the in-
termolecular interactions into the classical Brusselator by fol-
lowing Carati et al.'s method!'8! and systematically study the
interplay between the chemical reaction and the phase separ-
ation. In particular, their combining effects on the pattern
formation will be addressed. This study is organized as fol-
lows. We will present, in the method section, the dynamical
equations of the chemical reaction coupling with the phase
separation as well as their stability analysis. In the results sec-
tion, we first study the case of relatively weak interactions to
see how intermolecular interactions influence the patterns
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formation dominated by the (autocatalytic) chemical reac-
tions. Then we consider the case with relatively strong inter-
actions and study how chemical reactions freeze the growing
of the phase-separated domains to finally form the dissipat-
ive patterns. These results are obtained by the dynamical
simulations aided by the stability analysis and will be sum-
marized in a series of ternary state diagrams.

METHODS

Model Construction
The reaction model employed in this work is a modified
Brusselator,
kq
A+Z—X
B+ X —k—2—> Y+D ™)
2X+Y k—3> 3X
X E—) VA

where six different chemical components are involved and,
similar to the classical Brusselator,’® the concentrations of three
components, A, B and D are assumed to be maintained
constants. In particular, D will be removed once it is produced,
so we do not need to consider D further. The third reaction
in Eq. (1) is autocatalytic. Compared to the classic Brusselator,’®!
a new component Z has been introduced to meet the
incompressibility constraint. This treatment enables us to
perform the following dynamical simulations and it was first
proposed by Decker and Lefever who used it to study the spatial
constraint effect'? The free energy of this system could be
written as,

G(T,P)/keT = [ dro[gxing + dyindy + ¢7Ind;
extxdy + ST + 19|

where ¢y, ¢y and ¢, are the volume fractions of X, Y and Z,
respectively, defined as ¢y = px/p, ¢y = py/p and ¢z = p7/p
with p = py + py + pz. For simplicity, this work only considers
the interaction between the components X and Y with x the
Flory-Huggins parameter. Because the volume fractions of the
left three components, A, B and D, are assumed to be constant,
therefore, their contributions to the entropy part of the free
energy are also constants and can be neglected.

The dynamical equations that govern the chemical reac-
tions and phase separation read,

)

0

% = kiapaz — koagay + k3a)2(0y — kaay + vazax
—V¢X(vaax + DyVay + Dzvaz)

9py 2 2

—— = kpagax — ksayay + DyV-a

ot 2dBdx 3dydy Y Y (3)
—V¢Y(vaax + Dyvay + Dzvaz)

0

% = —k1 apdz + k4ax + Dzvzaz

—V¢Z(vaax + Dyvay + Dzvaz)

where Dy, Dy and Dz are diffusion coefficients of the cor-
responding components. As suggested by Lefever et al,['82"
the concentrations in the reaction terms have been replaced

by activities, the exponential functions of chemical potentials
a = exp[u/kgT] = exp[6G/kgT6¢], among which ap and ag are
the activities of A and B, kept as constant, and ay, ay and az are
activities of X, Y and Z expressed by exponents of chemical
potential functions of py, py and p5 as follows,

ax = pxexp (1 = )~ 51170+ 191 - 6705
av = pvexp xox(1 - 1) - S(108E +1787) - 67| @)

a2 = pzexp | -xbxdy - STHI + 7050

The form of the diffusion terms in Eq. (3) is basically adop-
ted from de Gennes’ work(2'221 where he tried to derive the
dynamical equation for binary polymer blends. Note that the
current form of the diffusion terms is important to maintain
the incompressibility constraint; one can check that the three
equations in Eq. (3) are added to zero and, therefore, there are
only actually two degrees of freedom. One challenge that fol-
lows immediately is that the terms like V¢Va are difficult to
numerically integrate. We use the discrete variational prin-
ciple,’324 which has been employed by us to simulate the
dramatic deformation of vesicles,23] to design the numerical
scheme for these terms (in the electronic supplementary in-
formation, ESI).

Stability Analysis
Because of the incompressibility constraint, only two equations
in Eq. (3) are independent, so Eq. (3) can be simplified as follows:

10¢x 2
c5o SAZ-BX+ X'V -X
+L[BV?X — Yy (BYX + VY + 6V2)] (5)
10¢y _ 2 2
T3 = BX=XPY + LIVEY ~ U4y (BUX + VY + 6V2)]

where most relevant quantities in Eq. (3) have been scaled to
the dimensionless form:

Dy , Dx , Dy
L'k4 B_Dy G_DY
1
T=k4f, C=(k—4)2l
k3| P )
A=GA—1, B=GBQ
kg kg
1 1 1
o (k\ o [ks\T o [ks\z
X_ax(k4)' Y_aY(k4)' _az(k4

In the Brusselator model, activities of components A and B
are normally controlled as constants, so the corresponding
rescaled parts A and B are constants too. If we take A and B as
the controlled parameters to carry out the stability analysis,
we have to solve the following equations:

X
A=Z =1 _¢X_¢Yexp[x¢v]
B=Xy= é¢x¢YeXP[X(¢x + @y — 2¢xdy)]

to find all possible homogeneous steady-state solutions for Eq.
(5) under the constant A and B. Unfortunately, these two
equations are transcendental and their analytical solutions are
unavailable. The same set of A and B, always corresponds to
several different homogeneous steady-state solutions and

)
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finding all of them numerically is difficult. But we can overcome
this difficulty by changing the controlled parameters from A
and B to the steady-state solutions @y and Qy, instead. By
plugging Eq. (7) into Eq. (5), we obtain the dynamical equations
expressed, in terms of the new controlled parameters as:

1 a¢x @X 2
ik o, QO S Oy]Z+ XY -X
= T—0x (DYexp[X v1Z +

—é@x@yexp[)((@x + Oy — 205 Dy)1X
+L[BV2X = Vy (BYX + VY + 6V2)] ®)

199y 1 2
o " a O Oyexp[x(Ox + Oy = 20xOy)]IX - XY

+L[V2Y = Vey(BVX + VY + 6V2)]

The rescaled activities A and B can be recovered as
A = A(®Qx, ®y) and B = B(®y, ®y) using Eq. (7). For the ideal-
solution case (x = b=0), linear stability analysis of Eq. (8)
gives the growth factor as a fourth-order polynomial of the
wave number k for small | k|,

Io (k) =

(‘Dx)z( Py - O _1)+L1—[1+@x(1—l3)]‘1)¥|k|2

2 \1-0x—-0y 1-0x - Oy ©)
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When x and b are nonzero, the growth factor becomes
more complicated and it can be expressed as:

(k) ~ To (k) exp[f(0x, )] - blk|° = *[k* (10
where f(@y, ®y) is an extremely complicated function related
with the free energy density defined in Eq. (2).

For a given pair of controlled parameters @y and @y (or
equivalently A(®Qy, ®y) and B(®y, ®y)), Eq. (8) has at least two
homogeneous steady-state solutions, the trivial solution
(=0, #y=1) and the non-trivial solution (¢y=0y, py=0y). The
trivial solution is always stable since its growth factor is, by Eq.
(9) or Eq. (10), negative definite. For the non-trivial solution,

the above stability analysis and dynamical simulations reveal
four possible endings of the state started from this solution: I)
being stable in situ; 1) evolving to the trivial solution
(=0, ¢y=1); lll) evolving to stable states of the case (I); and IV)
forming dissipative patterns. Obviously, only the state in (I) is
stable. According to the above four possible endings, all pos-
sible (®y, ®y) could be divided into four types, which could
be summarized in a ternary diagram, as four typical stability
regions, in the parameter space (Qy, Oy) with Ox>0, Oy>0
and 0< @Oy +®y < 1. Boundary of the region | can be identified
by the linear stability analysis while numerical calculations or
simulations are needed to draw the regions of Il, Ill and IV.

The ternary diagram is completely determined by six mod-
el parameters, C, L, 6, B, X and b, while this work focuses on
the influences of B, x, and b. § is the relative diffusion coeffi-
cient of Dy versus Dy, which characterizes the diffusion asym-
metry and is normally used to control the pattern formation
in the traditional Brusselator.[®!

RESULTS AND DISCUSSION

Patterns Formed by Chemical Reactions

Patterns in small x are mostly driven by chemical reactions. In
this case, the phase separation, quantified by y, will inhibit the
pattern formation.

Fig. 1(a) shows the ternary stability diagram at x=b=0.0
and 8=0.05, where the pattern region (region IV painted grey
on the diagram) dominates. Patterns in the region IV (see the
insets E and F in Fig. 1a for example) are actually the patterns
of the classical Brusselator, generated and sustained by the
non-linear autocatalytic reactions. Surrounding the pattern
region IV are regions |, Il and lll. States in the region | are
stable while states in the region Ill are unstable and will
evolve to the region | as shown by the trajectory from G to H
in Fig. 1(a). The trajectory G-H is given by the simulation. The
region Il is embedded in the region IV and the states in this
region will be attracted to the trivial stead-state solution (0, 1)
denoted by M (see the trajectory from P to M in Fig. 1b).

Just as shown in Figs. 1(a) and 1(b), increasing x will shrink-
age the pattern region IV, which implies that phase separa-
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Fig. 1 Ternary stability diagrams of the modified Brusselators at y=0.0 and b=0.0 (a), x=0.5 and b=0.25 (b), and x=4.0 and b=2.0 (c). Other
model parameters are L=6=1.0, C=0.05 and 8=0.05. The diagrams are in the parameter space of (®y, ®y) or equivalently (A(®y, ®y), B(®x, Oy))
by Eq. (7). The diagram shows the stability of the state started from (¢, = @y, ¢, = @y). In Region |, all states are stable. In Region II, all states are not
stable and will evolve to the trivial solution point M as shown in the trajectory P-M in (b); while states in Region Il will evolve to the states in
Region | as shown in the trajectory G-H in (a). In Region IV (gray), the homogeneous initial states will finally form dissipative patterns as shown in E
and F in (a) and E and F in (b) (Yellow for X component). The dash-line phase boundaries in (a) and (b) are not very accurate due to the numerical
reasons. The phase diagram of the mixture X, Y and Z without chemical reactions is shown using grey dash line in (c) as a reference diagram.
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tion will inhibit the pattern formation driven by the auto-
catalytic reactions. Compared to the ideal-solution case of
Fig. 1(a), periodic patterns are mostly formed at small ¢y and
small ¢y for the regular-solution case (Fig. 1b), where accord-
ing to Eq. (4) intermolecular interactions have little influence
in this region. It is expected that further increasing x will fur-
ther shrink the pattern region to the even smaller ¢y and ¢y
region and will, eventually, cause it to disappear (Fig. 1c). On
the other hand, when x>2.0 the intermolecular interaction
will cause the mixture to separate at the relatively large ¢y
and ¢y, i.e. the phase region below the grey dash curve in
Fig. 1(c); but this phase separation will be quickly suppressed
by the chemical reactions for relatively small 8 and the sys-
tem will become homogeneous again. Fig. 1(c) (y=4.0) shows
that these two effects will cause the pattern region to disap-
pear, at least at our calculation accuracy.

Patterns Formed by Phase Separation

However, phase separation effect does not necessarily inhibit
the pattern formation. If the catalyst X can diffuse much faster
than Y (8> 1), then the catalyst X might not have time to fully
‘engage’ on the autocatalytic reactions and the phase
separation will dominate and induce a new class of dissipative
patterns. Fig. 2 shows the ternary stability diagram at y=4.0,
b=2.0 and 8=20.0. Compared with the diagram without phase
separation (for example, Fig. 1a), there are two | regions with
one of them under the phase-separation line (the grey dash line
in Fig. 2). All states in region lll will evolve to the region | under
the phase-separation line and a typical trajectory G-H is given in
Fig. 2. Between the regions | and Ill, there is a thin layer of region

Fig. 2 Ternary stability diagram of the modified Brusselators at
Xx=4.0, b=2.0, 3=20.0, L=0=1.0 and C=0.05. The diagram is in the
parameter space of (®y, ®y) or equivalently (A(®y, y), B(Dy, ®y)) by
Eq. (7). The diagram shows the stability of the states started from
(@y = Oy, ¢y = @y). There are two | Regions where all states are stable.
In Region I, all states are not stable and will evolve to the trivial
solution point M as shown in the trajectory P-M obtained by
simulations; while states in Region Il will evolve to the states in
Region | as shown in the trajectory G-H. In Region IV (grey), the
homogeneous initial states will finally form dissipative patterns as
shown in E and F (yellow for X component). The dash-dot-line phase
boundaries are not very accurate due to the numerical reasons. The
phase diagram of the mixture X, Y and Z without chemical reactions is
shown by using grey dash line as a reference diagram.

IV, where the new class of patterns are formed (see the two
insets in Fig. 2). These could be referred to as the patterns
induced by the phase separation. They are of the same kind as
the patterns in the literature,'® in which Carati et al. have
attributed them to the chemical freezing effect to the phase
separation. However, they showed no specific example or
theoretical analysis about this effect in their work.

In the current work, we present a linear analysis (Fig. 3) to-
gether with an example (Fig. 4) to investigate the chemical
freezing effect. In this example, two simulations are per-
formed; the first one serves as a reference simulation with no
chemical reactions and it undergoes macroscopic phase sep-
aration (see upper snapshots in Fig. 4) while the second one
has the same model parameter setting as the reference one
but with the chemical reactions (see lower snapshots in
Fig. 4). At the initial stage, there is not much difference
between these two simulations, except that the chemical
freezing pattern are more “regular”, for its growth factor curve
is narrower (Fig. 3a). Then chemical reactions in the second
simulation freeze the pattern in its early stage and modulate
it into regular hexagonal patterns. Unfortunately, we find that
it is difficult to give a theoretical explanation about this freez-

4
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—-- - Phase separation

—B=20
— — =10

1 1 1 \ 1

0 0.2 04 0.6 0.8 1.0

Fig. 3 Linear growth factors I (k). (a) Growth factors for the pure
phase separation and the phase separation with chemical reactions
(Eg. 10) at @y =0.49 and @y =0.5. (b) Growth factors for different 8's at
Oy =0.49, ®y=0.5, y=4.0and b=2.0.
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Fig.4 Two simulations of the modified Brusselator model show the freezing effect of chemical reactions. The upper
shows the snapshots at different scaled times of the reference simulation when the chemical reactions are turned off
while the lower shows the simulation with chemical reactions. Both simulations share the same model parameters
except for those related with the chemical reactions. Parameter setting: @y =0.49, ®y =0.5, x=4.0, b=2.0 and $=20.0. In
these snapshots, blue is for X component and yellow is for Y component.

ing effect mostly because the linear stability analysis (LSA) is
only valid at the very early stage of the dynamics; and the
growth factor curves obtained by LSA in Fig. 3(a) have already
shown that the chemical reactions will not completely sup-
press the large wave-length mode (small k near 0) at the very
early stage of the dynamics.

Two more comments are in order: (a) Chemical freezing ef-
fect is largely influenced by the relative diffusive speed of the
catalyst X measured by . If the X diffuses slowly (8 < 1), then
it will have sufficient time to turn Y into X through autocata-
lytic reactions and no phase separation of X/Y is needed to
lower the X-Y interaction energy. So as shown by the red
curve in Fig. 3(b), almost all modes will be suppressed at the
early stage. On the other hand, if X diffuses fast (8 > 1), then X
would choose to diffuse away from Y other than turn Y into X
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through chemical reactions in order to reduce the X-Y interac-
tion, which results in phase separations (green and blue
curves in Fig. 3b). Because X can still turn Y into X through
chemical reactions, there is a long-distance correlation
between X and Y, implying a microphase separation, which
can be seen in Fig. 4. (b) The whole dynamical picture in the
region IV is complicated. In this study, we only discuss the
simple patterns formed near their boundaries. The other more
complicated patterns will be discussed in our future work.

Domain Size and Morphology of Patterns

We also investigate the dependence of the domain size of the
pattern on the initial concentration of the catalyst, @y, near
the boundary of the region IV (the red boundary in Fig. 1b
and Fig. 2). Near the boundary of the region IV, the local
concentrations of components only deviate a little from the

06

®
Domain size

04+ 116
114
03 1 1 1
0.2 03 0.4 0.5

Fig. 5 Slow mode wave number k. versus @y (the black circles) and the domain size versus @y (the red lines). The slow mode wave
number is obtained by solving the equation dr(k)/dk = 0 while the domain-size curves are obtained by directly measuring the domain
size of the simulated patterns. (a) Shows the corresponding curves of the red line in Fig. 1(b), and (b) corresponds to the red line in Fig. 2.
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initial concentrations, so the slow mode wave number k_ of the
initial dynamics or its reciprocal, the wave length, can be used to
estimate the domain size of the final patterns. Note that, the
slow mode wave number can be obtained by solving the
equation or(k)/dk = 0.

The results are shown in Figs. 5(a) and 5(b). For the chemi-
cal-reaction dominated case, which corresponds to IV in
Fig. 1(b), the domain size of the pattern is a monotonically de-
creasing function of the initial concentration of the catalyst X.
While for the phase-separation dominated case (IV in Fig. 2),
the domain size as a function of @y is not monotonic any-
more, it will first decrease, then increase a little bit and de-
crease again.

During our simulations, we find one interesting, seemingly
abnormal phenomenon about the influence of the interfacial
energy on the size of the interface of the dissipative patterns.

For the phase-separation dominated case (Fig. 6), the inter-
face of the domains becomes smaller for bigger interfacial en-
ergetic penalty (bigger b) and this is an expected phenomen-
on. Interestingly, for the chemical-reaction dominated case
(Fig. 7), the tendency is reversed that increasing b will also
increase the size of the interface. This abnormal phenomen-
on can be explained as follows. First, as we pointed out in the
introduction section, patterns formed by the non-linear
chemical reactions are not thermodynamic patterns and, in-
stead, they are kinetic; therefore, minimum interfacial energy
principle is not applicable in this case anymore. Second, big-
ger b might just happen to ‘work’ together with other model
parameters to make interface bigger. However, the depend-
ence of the size of interface on b is complicated and still not
clear in theory, and we will try to resolve this puzzle in our fu-
ture work.

-

Fig. 6 Morphological transformation of dissipative patterns when the interfacial energy is increasing for the phase-
separation dominated case. The snapshots show ¢, (yellow) profile at 7=6000. (a) x=4.0 and b=1.8; (b) x=4.0 and
b=2.2; (c) x=4.0 and b=2.4. Other parameters: Oy =0.275, Oy =0.5, 3=20.0,L=6=1.0 and C=0.05.

25

Fig.7 Morphological transformation of d|55|pat|ve patterns when interfacial energy is increasing for the chemical-reaction dominated case. The
snapshots are taken at T = 6000 with yellow for X component. (a) x=0.0 and b=0.0; (b) x=0.0 and b=0.05; (c) x=0.1and b=0.0; (d) x=0.1and
b=0.05. Other parameters: @y =0.15, Oy =0.125, =0.05, L=6=1.0 and C=0.05. Note that these four snapshots give two sets of transformations
for the ideal-solution case (from (a) to (b)) and for the regular-solution case (from (c) to (d)), respectively.

AlE

CONCLUSIONS

The traditional Brusselator model has been modified to
include intermolecular interactions in this work. Based on the
modified model, we systematically investigate the combining
effects of the autocatalytic reactions and the phase separation
on the pattern formation and obtain the following results.
First, we find that when the chemical reaction dominates, the
pattern formation will be inhibited by the phase separation
and this finding has not been reported before. Second, similar
to Carati and Lefever's work['® it is found that chemical
reactions can freeze the domain growing originally initiated by

NS

the phase separation and this freezing effect finally forms the
dissipative pattern. Different from those thermodynamic
patterns formed by block copolymers, we find an interesting
phenomenon for these kinetic patterns that increasing the
interfacial energy will also increase interface of the pattern for
some cases.

é Electronic Supplementary Information

Electronic supplementary information (ESI) is available free of
charge in the online version of this article at http://doi.org/

https://doi.org/10.1007/s10118-021-2600-5


https://doi.org/10.1007/s10118-021-2600-5
https://doi.org/10.1007/s10118-021-2600-5
https://doi.org/10.1007/s10118-021-2600-5

Sun, R.Q.etal./ Chinese J. Polym. Sci. 2021, 39, 1673-1679 1679

10.1007/s10118-021-2600-5.

ACKNOWLEDGMENTS

This work was financially supported by the National Natural
Science Foundation of China (Nos. 21534002 and 21973018).

REFERENCES

1 He, M. J; Zhang, H. D.; Chen, W. X,; Dong, X. X. in Polymer physics
(in Chinese), Fudan University Press, Shanghai, 2013, 96—-101.

2 Gelting, A, Brausch, O. Cellular follow patterns and their
evolutionary scenarios in three-dimensional Rayleigh-Benard
convection. Phys. Rev. E 2003, 67, 046313.

3 Assenheimer, M.,; Steinberg, V. Observation of coexisting upflow
and downflow hexagons in Noussinesq Rayleigh-Benard
convection. Phys. Rev. Lett. 2003, 76, 756—759.

4  Rotermund, H.; Jakubith, S.; Vonoertzen, A.; Ertl, G. Solutions in a
surface reaction. Phys. Rev. Lett. 1991, 66, 3083—-3085.

5 Quyang, Q.; Swinney, H. Transition from a uniform state to
hexagonal and striped turing patterns. Nature 1991, 352,
610-611.

6 Halatek, J.; Frey, E. Highly canalized MinD transfer and MinE
sequestration explain the origin of robust MinCDE-protein
dynamics. Cell Rep. 2012, 1, 741-752.

7 Kondo, S.; Miura, T. Reaction-diffusion model as a framework for
understanding biological pattern formation. Science 2010, 329,
1616—-1620.

8 Prigogine, |; Lefever, R. Symmetry breaking instabilities in
dissipative systems. II. J. Chem. Phys. 1968, 48, 1695—1700.

9 Prigogine, |.; Lefever, R. in Stability and self-organization in open
systems, Johe Wiley & Sons, New York, 1977, p. 6.

10 Agudo-Canalejo, J; Schultz, S. W.; Chino, H. Wetting regulates
autophagy of phase-separated compartments and the cytosal.
Nature 2021, 591, 142-150.

11 Wheeler. J. R; Matheny, T,; Jain, S.; Abrish, R.; Parker, R. Distinct
stages in stress granule assembly and disassembly. eLife 2016, 5,
e18413.

12

13

14

15

16

17

18

19

20

21

22

23

24

Ridback, J. A;; Zhu, L,; Ferrolino, M. C,; Tolbert, M.; Mitrea, D. M,;
Sanders, D. W.,; Wei, M. T,; Kriwacki, R. W.; Brangwynne, C. P.
Composition-dependent thermodynamics of intracellular phase
separation. Nature 2020, 581, 209-214.

Minton, A. P. The influence of macromolecular crowding and
macromolecular confinement on biochemical reactions in
physiological media. J. Biol. Chem. 2001, 276, 10577—-10580.
Zhang, H.; Xiong, J,; Li, P. L. Liquid-liquid phase separation in
biology: mechanisms, physiological functions and human
diseases. Sci. China Life Sci. 2020, 63, 953—985.

Glotzer, S. C,; Stauffer, D.; Jan, N. Monte-Carlo simulations of
phase-separation in chemically reactive binary-mixtures. Phys.
Rev. Lett. 1994, 72,4109-4112.

Lefever, R.; Carati, D.; Hassani, N. Monte-Carlo simulations of
phase-separation in chemically reactive binary-mixtures-
comment. Phys. Rev. Lett. 1995, 75, 1674.

Glotzer, S. C,; Stauffer, D.; Jan, N. Monte-Carlo simulations of
phase-separation in chemically reactive binary-mixtures-reply.
Phys. Rev. Lett. 1994, 75, 1675.

Carati, D.; Lefever, R. Chemical freezing of phase separation in
immiscible binary mixtures. Phys. Rev. E 1997, 56,3127—-3136.
Bullara, D.; de Decker, Y.; Lefever, R. Nonequilibrium chemistry in
confined environments: A lattice Brusselator model. Phys. Rev. E
2013.

Kardar, M. in Statistical physics of particles. Cambridge University
Press, Cambridge, 2007, p. 141.

Kotnis, M.; Muthukumar, M. Entropy-induced frozen morphology
in unstable polymer blends. Macromolecules 1992, 25,
1716-1724.

Degennes, P. Dynamics of fluctuations and spinodal
decomposition in polymer blends. J. Chem. Phys. 1980, 72,
4756—-4763.

Li, J. F; Zhang, H. D.; Tang, P.; Qiu, F.; Yang, Y. L. A discrete, space
variation model for studying the kinetics of shape deformation of
vesicles coupled with phase separation. Macromol. Theory Simul
2006, 15,432-439.

Wendlandt, J. M.; Marsden, J. E. Mechanical integrators derived
from a discrete variational principle. Physica D 1997, 106,
223-246.

https://doi.org/10.1007/510118-021-2600-5


https://doi.org/10.1007/s10118-021-2600-5
http://dx.doi.org/10.1103/PhysRevE.67.046313
http://dx.doi.org/10.1103/PhysRevLett.66.3083
http://dx.doi.org/10.1038/352610a0
http://dx.doi.org/10.1016/j.celrep.2012.04.005
http://dx.doi.org/10.1126/science.1179047
http://dx.doi.org/10.1063/1.1668896
http://dx.doi.org/10.1038/s41586-020-2992-3
http://dx.doi.org/10.7554/eLife.18413
http://dx.doi.org/10.1038/s41586-020-2256-2
http://dx.doi.org/10.1074/jbc.R100005200
http://dx.doi.org/10.1103/PhysRevLett.72.4109
http://dx.doi.org/10.1103/PhysRevLett.72.4109
http://dx.doi.org/10.1103/PhysRevLett.75.1674
http://dx.doi.org/10.1103/PhysRevE.56.3127
http://dx.doi.org/10.1103/PhysRevE.87.062923
http://dx.doi.org/10.1021/ma00032a015
http://dx.doi.org/10.1063/1.439809
http://dx.doi.org/10.1002/mats.200600012
http://dx.doi.org/10.1016/S0167-2789(97)00051-1
https://doi.org/10.1007/s10118-021-2600-5
http://dx.doi.org/10.1103/PhysRevE.67.046313
http://dx.doi.org/10.1103/PhysRevLett.66.3083
http://dx.doi.org/10.1038/352610a0
http://dx.doi.org/10.1016/j.celrep.2012.04.005
http://dx.doi.org/10.1126/science.1179047
http://dx.doi.org/10.1063/1.1668896
http://dx.doi.org/10.1038/s41586-020-2992-3
http://dx.doi.org/10.7554/eLife.18413
http://dx.doi.org/10.1038/s41586-020-2256-2
http://dx.doi.org/10.1074/jbc.R100005200
http://dx.doi.org/10.1103/PhysRevLett.72.4109
http://dx.doi.org/10.1103/PhysRevLett.72.4109
http://dx.doi.org/10.1103/PhysRevLett.75.1674
http://dx.doi.org/10.1103/PhysRevE.56.3127
http://dx.doi.org/10.1103/PhysRevE.87.062923
http://dx.doi.org/10.1021/ma00032a015
http://dx.doi.org/10.1063/1.439809
http://dx.doi.org/10.1002/mats.200600012
http://dx.doi.org/10.1016/S0167-2789(97)00051-1
https://doi.org/10.1007/s10118-021-2600-5
http://dx.doi.org/10.1103/PhysRevE.67.046313
http://dx.doi.org/10.1103/PhysRevLett.66.3083
http://dx.doi.org/10.1038/352610a0
http://dx.doi.org/10.1016/j.celrep.2012.04.005
http://dx.doi.org/10.1126/science.1179047
http://dx.doi.org/10.1063/1.1668896
http://dx.doi.org/10.1038/s41586-020-2992-3
http://dx.doi.org/10.7554/eLife.18413
https://doi.org/10.1007/s10118-021-2600-5
http://dx.doi.org/10.1103/PhysRevE.67.046313
http://dx.doi.org/10.1103/PhysRevLett.66.3083
http://dx.doi.org/10.1038/352610a0
http://dx.doi.org/10.1016/j.celrep.2012.04.005
http://dx.doi.org/10.1126/science.1179047
http://dx.doi.org/10.1063/1.1668896
http://dx.doi.org/10.1038/s41586-020-2992-3
http://dx.doi.org/10.7554/eLife.18413
http://dx.doi.org/10.1038/s41586-020-2256-2
http://dx.doi.org/10.1074/jbc.R100005200
http://dx.doi.org/10.1103/PhysRevLett.72.4109
http://dx.doi.org/10.1103/PhysRevLett.72.4109
http://dx.doi.org/10.1103/PhysRevLett.75.1674
http://dx.doi.org/10.1103/PhysRevE.56.3127
http://dx.doi.org/10.1103/PhysRevE.87.062923
http://dx.doi.org/10.1021/ma00032a015
http://dx.doi.org/10.1063/1.439809
http://dx.doi.org/10.1002/mats.200600012
http://dx.doi.org/10.1016/S0167-2789(97)00051-1
http://dx.doi.org/10.1038/s41586-020-2256-2
http://dx.doi.org/10.1074/jbc.R100005200
http://dx.doi.org/10.1103/PhysRevLett.72.4109
http://dx.doi.org/10.1103/PhysRevLett.72.4109
http://dx.doi.org/10.1103/PhysRevLett.75.1674
http://dx.doi.org/10.1103/PhysRevE.56.3127
http://dx.doi.org/10.1103/PhysRevE.87.062923
http://dx.doi.org/10.1021/ma00032a015
http://dx.doi.org/10.1063/1.439809
http://dx.doi.org/10.1002/mats.200600012
http://dx.doi.org/10.1016/S0167-2789(97)00051-1
https://doi.org/10.1007/s10118-021-2600-5

